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Causal order can be unknown

Distributed systems, quantum networks



Causal order can be indefinite

Procopio et al., Nat. Comm. 6, 7913 (2015)
Zych et al., Nat Comm. 10, 3772 (2019)

In the lab Quantum + gravity



Communication in unknown/indefinite causal order?

• Communication settings
• Single shot/asymptotic

• Classical communication
• Generalised Holevo bound
• Entropic causal inequalities

• Quantum communication (definite, unknown order)
• Bound on quantum capacity 
• No two-way quantum communication



Quantum processes

General quantum communication resource

Each party can perform one operation on a quantum system
input: system `just before’ operation
output: system `just after’ operation

Example:
Shared state, no communication
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Quantum processes

General quantum communication resource

Each party can perform one operation on a quantum system
input: system `just before’ operation
output: system `just after’ operation

Example:
One way, 𝐴 → 𝐵, Markov

Choi:
𝑊𝐴𝐼 𝐴𝑂 𝐵𝐼 𝐵𝑂 = 𝜌𝐴𝐼 ⊗𝑇𝐴0𝐵𝐼 ⊗ 𝕀𝐵𝑂
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Quantum processes

Example:
One way, 𝐴 → 𝐵, memory

Choi:
𝑊𝐴𝐼 𝐴𝑂 𝐵𝐼 𝐵𝑂 = ෩𝑊𝐴𝐼𝐴0𝐵𝐼 ⊗ 𝕀𝐵𝑂
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General quantum communication resource

Each party can perform one operation on a quantum system
input: system `just before’ operation
output: system `just after’ operation



Quantum processes

Example:
Causally separable process

Classical uncertainty of causal order

Choi:
𝑊 = 𝑝𝑊𝐴≺𝐵 + (1 − 𝑝) 𝑊𝐵≺𝐴
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General quantum communication resource

Each party can perform one operation on a quantum system
input: system `just before’ operation
output: system `just after’ operation



Local operations with additional
quantum inputs 𝐴𝐼

′ , 𝐵𝐼
′

quantum outputs, 𝐴𝑂
′ , 𝐵𝑂

′

Communication through a process

Choi: 
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Turn process into bipartite channel

Use channel for communication 𝑨 ↔ 𝑩



Asymptotic setting

Multiple uses of resource without assigned causal order

Independent, identical processes:

𝑊 = 𝑊1⊗⋯⊗𝑊𝑛

“party”: single access to individual copy
“agent”: coordinated action of multiple parties
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Asymptotic setting

Multiple uses of resource without assigned causal order

Independent, identical processes:

𝑊 = 𝑊1⊗⋯⊗𝑊𝑛

“party”: single access to individual copy
“agent”: coordinated action of multiple parties

“basic” setting: 
No prior causal relation among parties

𝑀𝐴 = 𝑀𝐴1 ⊗⋯⊗𝑀𝐴𝑛

𝑀𝐵 = 𝑀𝐵1 ⊗⋯⊗𝑀𝐵𝑛
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Asymptotic setting

Multiple uses of resource without assigned causal order

Independent, identical processes:

𝑊 = 𝑊1⊗⋯⊗𝑊𝑛

“party”: single access to individual copy
“agent”: coordinated action of multiple parties

“basic” setting: 
No prior causal relation among parties

𝑀𝐴 = 𝑀𝐴1 ⊗⋯⊗𝑀𝐴𝑛

𝑀𝐵 = 𝑀𝐵1 ⊗⋯⊗𝑀𝐵𝑛

(Other, “causal order assisted” settings possible)
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Asymptotic setting
For communication, include global 
encoding/decoding within agents
(not among agents)

Goal, 𝐴 → 𝐵 :
Approximate identity channel 𝐴𝐸 → 𝐵𝐷

Channel capacity:
Asymptotic rate #qubits/n

For classical capacity:
Replace 
𝐴𝐸 → 𝑥,𝐵𝐷 → 𝑏
qubits → bits



Classical communication
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Single shot
Encoding with probability 𝑝𝑥,

𝑃 𝑥, 𝑏 = 𝑝𝑥Tr 𝑀|𝑥
𝐴𝐼 𝐴𝑂

𝑀𝑏
𝐵𝐼 𝐵𝑂 ∙ 𝑊𝐴𝐼 𝐴𝑂 𝐵𝐼 𝐵𝑂

𝑀|𝑥, σ𝑏𝑀𝑏 CPTP 

Compare with
𝑃 𝑥, 𝑏 = 𝑝𝑥Tr 𝐸𝑏 𝒯(𝜌𝑥)
𝜌𝑥 states, σ𝑏 𝐸𝑏 = 𝕀

Holevo bound on mutual information:

𝐼 𝐵: 𝑋 ≤ 𝑆 

𝑥

𝑝𝑥 𝒯(𝜌𝑥) −

𝑥

𝑝𝑥 𝑆 𝒯(𝜌𝑥) ≤ log 𝑑

Can we beat it with general processes?
(note: include memory—shared entanglement)
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𝑆 𝜌 = −Tr𝜌 log 𝜌



𝐼 𝐵: 𝑋 ≤ 𝑆 

𝑥

𝑝𝑥 ෦𝜌𝑥 −
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𝑝𝑥 𝑆 ෦𝜌𝑥 ≤ log 𝑑𝐵𝐼

Generalised Holevo bound
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Result:

Asymptotic classical capacity:
𝐶𝐴→𝐵 𝑊 ≤ log 𝑑𝐵𝐼



Two-way communication
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Classically uncertain order:
𝑊 = 𝑝𝑊𝐴≺𝐵 + (1 − 𝑝) 𝑊𝐵≺𝐴

Dimension-dependent entropic causal inequality:

𝐼 𝐵: 𝑋 + 𝐼 𝐴: 𝑌 ≤ log 𝑑

No violation known

Cf Miklin et al., New J. Phys. 19, 113041 (2017)



Quantum communication with uncertain order

𝑊 = 𝑝𝑊𝐴≺𝐵 + (1 − 𝑝) 𝑊𝐵≺𝐴

Quantum capacity 𝐴 → 𝐵:
Asymptotic rate 𝑑𝐴𝐸/𝑛

Results:
• 𝑊𝐵≺𝐴 can be replaced by white noise
• 𝑊 simulatable by erasure channel

𝜌 → 𝑝𝜌 + 1 − 𝑝 𝑒 〈𝑒|
Quantum capacity known:

𝑄 = max 0, 2𝑝 − 1 log 𝑑



Quantum communication with uncertain order

Quantum capacity 𝐴 → 𝐵:

𝑄 ≤ max 0, 2𝑝 − 1 log 𝑑𝐵𝑂

Consequences:

• 𝑄 = 0 if 𝑝 ≤
1

2

• Two-way quantum communication not possible

𝑊 = 𝑝𝑊𝐴≺𝐵 + (1 − 𝑝) 𝑊𝐵≺𝐴

Includes all processes with physical interpretation (e.g., switch)
Unknown for more general processes
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Conclusions

• Communication tasks extend to non-fixed-order scenarios

• Classical communication:  no advantage in one-way capacity
• Open: advantages for multipartite/combinations of capacities?

• Quantum communication requires 𝑝 >
1

2
“correct” order

• Causal order resource for quantum communication
• Open: two-way quantum communication using indefinite causal order?

• To explore: other communication settings
(e.g., assisted by entanglement, causal order,…) 


