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A new computational paradigm: quantum control of the connections between gates

One degree of a photon coherent controls 
the gate order on another degree of freedom

• The quantum switch: implements quantum control of gate orders with fewer queries to the 
gates than any circuit with fixed gate order.

     Chiribella, D’Ariano, Perinotti, and Valiron, Phys. Rev. A 88, 022318 (13); Colnaghi, 
G. M. D’Ariano, S. Facchini, and P. Perinotti, Phys. Lett. A 376, 2940 (2012).

• Optical-table implementations are based on conceptually simple interferometers.
      Araújo, Costa, and Brukner, PRL (14); Procopio et al., Nat. Comms. (15); Rubino et 

al., Sci. Advs. (17); Goswami et al., PRL 121, 090503 (2018), Wei et al., PRL (18).



Quantum control of causal orders as resource for information-theoretic tasks

• Allows for perfect discrimination of no-signalling channels not perfectly distinguishable by 
circuits with a fixed gate order.       Chiribella, PRA (2012).

• Solves a decision problem about black-box unitary permutations efficiently.
      Araújo, Costa, and Brukner, PRL (14); Procopio et al., Nat. Comms. (15).

• This translates into an exponential advantage in (quantum) communication complexity for a 
multi-partite communication-complexity problem.

      Guerin et al., PRL (16); Wei et al., PRL (18).

• Activates the (classical and quantum) capacities of zero-capacity communication channels.

    Ebler, Salek, and Chiribella, PRL 120, 120502 (2018); Goswami, Romero, 
and White, arXiv:1807.07383; Chiribella et al., arXiv:1810.10457.



So far, quantum control of only 2 causal orders experimentally 
demonstrated

How about the N-switch for N >2 ?



The Araujo-Costa-Brukner (ACB) algorithm

• Not only an interesting computational primitive but also a potentially good tool to 
benchmark experimental realisations of the N-switch.

If U1 and U2 commute, the control-
qubit measurement outputs 0; if they 

anti-commute, it outputs 1!

• However, the target-system dimension must be at least N, making the protocol non-optimal 
for experimental applications. 

• The N-switch solves a decision problem on the commutation relations between permutations 
of black-box unitaries with query complexity O(N) instead of O(N2).

      Araújo, Costa, and Brukner, PRL (14).



Achieve experimental demonstration for N=4

Modify the protocol to relax the dimension constraint

Outline of the talk:



The N-switch gate



The N-switch: process versus gate

Concatenation of the target-system unitaries UA 
and UB with the process matrix W2

S2 := |0ih0|⌦ UB UA + |1ih1|⌦ UA UB

• The 2-switch unitary gate:

W2
UA UB

Ht
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Hc
<latexit sha1_base64="nN4Cv965YxR6wjj/Vdtt1AL0LRk=">AAAB/HicbVDLSsNAFJ3UV62vaMGNm2ARXJWkLnRZ6qbLFuwDmhIm00k7dPJg5kYMIf6KGxeKdOsX+AXu3PgtTtoutPXAwOGce7lnjhtxJsE0v7TCxubW9k5xt7S3f3B4pB+fdGUYC0I7JOSh6LtYUs4C2gEGnPYjQbHvctpzp7e537unQrIwuIMkokMfjwPmMYJBSY5etn0ME9dNm5ljA32AlGSOXjGr5hzGOrGWpFI/bX+zWeOj5eif9igksU8DIBxLObDMCIYpFsAIp1nJjiWNMJniMR0oGmCfymE6D58ZF0oZGV4o1AvAmKu/N1LsS5n4rprMo8pVLxf/8wYxeDfDlAVRDDQgi0NezA0IjbwJY8QEJcATRTARTGU1yAQLTED1VVIlWKtfXifdWtW6qtbaqo0GWqCIztA5ukQWukZ11EQt1EEEJegJvaBX7VF71t602WK0oC13yugPtPcfXsKY7w==</latexit>

Ht
<latexit sha1_base64="Zx8ZMP8+tAF6BgAl81q6CAfqH1w=">AAAB/HicbVDLSsNAFJ3UV62vaMGNm2ARXJWkLnRZ6qbLFuwDmhIm00k7dPJg5kYMIf6KGxeKdOsX+AXu3PgtTtoutPXAwOGce7lnjhtxJsE0v7TCxubW9k5xt7S3f3B4pB+fdGUYC0I7JOSh6LtYUs4C2gEGnPYjQbHvctpzp7e537unQrIwuIMkokMfjwPmMYJBSY5etn0ME9dNm5ljA32AFDJHr5hVcw5jnVhLUqmftr/ZrPHRcvRPexSS2KcBEI6lHFhmBMMUC2CE06xkx5JGmEzxmA4UDbBP5TCdh8+MC6WMDC8U6gVgzNXfGyn2pUx8V03mUeWql4v/eYMYvJthyoIoBhqQxSEv5gaERt6EMWKCEuCJIpgIprIaZIIFJqD6KqkSrNUvr5NurWpdVWtt1UYDLVBEZ+gcXSILXaM6aqIW6iCCEvSEXtCr9qg9a2/abDFa0JY7ZfQH2vsPeJeZAA==</latexit>

Hc
<latexit sha1_base64="nN4Cv965YxR6wjj/Vdtt1AL0LRk=">AAAB/HicbVDLSsNAFJ3UV62vaMGNm2ARXJWkLnRZ6qbLFuwDmhIm00k7dPJg5kYMIf6KGxeKdOsX+AXu3PgtTtoutPXAwOGce7lnjhtxJsE0v7TCxubW9k5xt7S3f3B4pB+fdGUYC0I7JOSh6LtYUs4C2gEGnPYjQbHvctpzp7e537unQrIwuIMkokMfjwPmMYJBSY5etn0ME9dNm5ljA32AlGSOXjGr5hzGOrGWpFI/bX+zWeOj5eif9igksU8DIBxLObDMCIYpFsAIp1nJjiWNMJniMR0oGmCfymE6D58ZF0oZGV4o1AvAmKu/N1LsS5n4rprMo8pVLxf/8wYxeDfDlAVRDDQgi0NezA0IjbwJY8QEJcATRTARTGU1yAQLTED1VVIlWKtfXifdWtW6qtbaqo0GWqCIztA5ukQWukZ11EQt1EEEJegJvaBX7VF71t602WK0oC13yugPtPcfXsKY7w==</latexit>

• More generally, the N-switch unitary gate:

⇧x := U�x(N) . . . U�x(2) U�x(1)

x-th permutation of  {1, 2, . . . N}
[N !] := {0, 1, . . . N !� 1}

SN ! :=
X

x2[N !]

|xihx|⌦⇧x

dc := dim(Hc) � N !
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dt := dim(Ht)
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The Unitary Permutation problem as a decision problem



Problem statement

• Promise: Given an N-tuple                                  of black-box unitaries       on       , satisfyingUiU := {Ui}i=1,2,...N

P y : 8x ⇧x = !x y ⇧0, with ! := ei
2⇡
N! ,

Ht
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for some y 2 [N !].
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• Task: Decide which one of the N! properties      satisfies, i.e. find    . U y
<latexit sha1_base64="rCBa7mVRMzfjww1baqG+iyGfxJQ=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGbiQY9BLx4TMAskQ+jp1CRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82LBlbbtLyuzsrq2vpHdzG1t7+zu5fcP6ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3uJn4jQeUikfhnR7G6Aa0F3KfM6qNVB128gW7aE9BlokzJ4Xy8bj6/XgyrnTyn+1uxJIAQ80EVarl2LF2Uyo1ZwJHuXaiMKZsQHvYMjSkASo3nR46ImdG6RI/kqZCTabq74mUBkoNA890BlT31aI3Ef/zWon2r9yUh3GiMWSzRX4iiI7I5GvS5RKZFkNDKJPc3EpYn0rKtMkmZ0JwFl9eJvVS0bkolqomjWuYIQtHcArn4MAllOEWKlADBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+ANYKkKg=</latexit>

• Algorithm: based on the Hadamard test. |0i
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| i
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= �y,y0 8 | i
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P (y0) =

�����
UA UB + (�1)y

0
UB UA

2
| i

�����

2

2
<latexit sha1_base64="sYBmzw+xtm2bMOXcjJbW72mQx6k="></latexit>

For N=2, consumes only 1 use 
of UA and UB while all other 

known algorithms consume 2!!! 



The Araujo-Costa-Brukner (ACB) algorithm

• More generally, for arbitrary N:

! 1p
N !

X

x2[N !]

|xic⇧x| it
<latexit sha1_base64="fJhHyj/8YKyA9s8PxG0Y6+V32Wg="></latexit>

|0ic| it !
1p
N !

X

x2[N !]

|xic| it
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! |yic ⇧0| it
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|0i
<latexit sha1_base64="0eAex2unjLravdwoZiJ8no2quoI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GVoEQShJXeiy6MZlBfuAJpTJ9KYdOpmEmYkQQ//CnRsXirj1U9z1b5w+Ftp64MLhnHu5954g4Uxpx5lahY3Nre2d4m5pb//gsGwfHbdVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d+Z1HkIrF4kFnCfgRGQoWMkq0kfp22TOuxg72JBFDDn276tScOfA6cZek2qh4F8/TRtbs29/eIKZpBEJTTpTquU6i/ZxIzSiHSclLFSSEjskQeoYKEoHy8/nhE3xmlAEOY2lKaDxXf0/kJFIqiwLTGRE9UqveTPzP66U6vPZzJpJUg6CLRWHKsY7xLAU8YBKo5pkhhEpmbsV0RCSh2mRVMiG4qy+vk3a95l7W6vcmjRu0QBGdogo6Ry66Qg10h5qohShK0Qt6Q+/Wk/VqfVifi9aCtZw5QX9gff0AF3qVsg==</latexit>

| i
<latexit sha1_base64="knCMHRpCjsH5XMmzenPiKGoJp7I=">AAAB+3icbVDLSsNAFJ3UV62vWJduhhZBEEpSF7osunFZwT6gCWUyvWmHTiZhZiKG0L9w7caFIm79EXf9G6ePhbYeuHA4517uvSdIOFPacaZWYWNza3unuFva2z84PLKPy20Vp5JCi8Y8lt2AKOBMQEszzaGbSCBRwKETjG9nfucRpGKxeNBZAn5EhoKFjBJtpL5d9oyrsZcohj1JxJBD3646NWcOvE7cJak2Kt7F87SRNfv2tzeIaRqB0JQTpXquk2g/J1IzymFS8lIFCaFjMoSeoYJEoPx8fvsEnxllgMNYmhIaz9XfEzmJlMqiwHRGRI/UqjcT//N6qQ6v/ZyJJNUg6GJRmHKsYzwLAg+YBKp5ZgihkplbMR0RSag2cZVMCO7qy+ukXa+5l7X6vUnjBi1QRKeogs6Ri65QA92hJmohip7QC3pD79bEerU+rM9Fa8FazpygP7C+fgDVuZdI</latexit>

y
<latexit sha1_base64="rCBa7mVRMzfjww1baqG+iyGfxJQ=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGbiQY9BLx4TMAskQ+jp1CRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82LBlbbtLyuzsrq2vpHdzG1t7+zu5fcP6ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3uJn4jQeUikfhnR7G6Aa0F3KfM6qNVB128gW7aE9BlokzJ4Xy8bj6/XgyrnTyn+1uxJIAQ80EVarl2LF2Uyo1ZwJHuXaiMKZsQHvYMjSkASo3nR46ImdG6RI/kqZCTabq74mUBkoNA890BlT31aI3Ef/zWon2r9yUh3GiMWSzRX4iiI7I5GvS5RKZFkNDKJPc3EpYn0rKtMkmZ0JwFl9eJvVS0bkolqomjWuYIQtHcArn4MAllOEWKlADBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+ANYKkKg=</latexit>

FN !
<latexit sha1_base64="VXKRn4ISF0pi39aXwo0uI14hzx4=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWgQrMJuLLQMEcRKEjAPSJYwO5kkY2ZnlplZISz5BxsLRWyt/Au/wM7Gb3HyKDTxwIXDOfdy7z1BxJk2rvvlpJaWV1bX0uuZjc2t7Z3s7l5Ny1gRWiWSS9UIsKacCVo1zHDaiBTFYcBpPRhcjv36PVWaSXFrhhH1Q9wTrMsINlaqXbWTm6NRO5tz8+4EaJF4M5IrHlS+2Xvpo9zOfrY6ksQhFYZwrHXTcyPjJ1gZRjgdZVqxphEmA9yjTUsFDqn2k8m1I3RilQ7qSmVLGDRRf08kONR6GAa2M8Smr+e9sfif14xN98JPmIhiQwWZLurGHBmJxq+jDlOUGD60BBPF7K2I9LHCxNiAMjYEb/7lRVIr5L2zfKFi0yjBFGk4hGM4BQ/OoQjXUIYqELiDB3iCZ0c6j86L8zptTTmzmX34A+ftB+g8kmM=</latexit>

F †
N !

<latexit sha1_base64="U2GPlOUMQTs8I+VDxDwHJamxodM=">AAAB+XicbVDLSsNAFJ3UV62v+Fq5GS2Kq5LUhS6LgriSCrYptDFMJpM4dDIJM5NCCfkMd25cKOLWP3Hn3zh9LLT1wIXDOfdy7z1+yqhUlvVtlBYWl5ZXyquVtfWNzS1ze6ctk0xg0sIJS0THR5IwyklLUcVIJxUExT4jjt+/GvnOgAhJE36vhilxYxRxGlKMlJY807x+yHsBiiIiCi+/PSw8s2rVrDHgPLGnpNo42XOKJ2e/6ZlfvSDBWUy4wgxJ2bWtVLk5EopiRopKL5MkRbiPItLVlKOYSDcfX17AY60EMEyELq7gWP09kaNYymHs684YqUc5643E/7xupsILN6c8zRTheLIozBhUCRzFAAMqCFZsqAnCgupbIX5EAmGlw6roEOzZl+dJu16zz2r1O53GJZigDA7AETgFNjgHDXADmqAFMBiAZ/AK3ozceDHejY9Ja8mYzuyCPzA+fwBwxZXC</latexit>

SN !

Only O(1) uses of       [query 
complexity O(N)] while all other 

known algorithms use O(N) [query 
complexity O(N2)]!!! 

U
<latexit sha1_base64="nT05eH+1+m1wcvVpL51g/GNjX10=">AAAB8nicbVBNS8NAEJ34WeNX1aOXYBE8laQe9CIWvXisYNpCGspmu2mXbnbD7kYooT/DiwdFevV/ePci/hs3bQ/a+mDg8d4M82ailFGlXffbWlldW9/YLG3Z2zu7e/vlg8OmEpnExMeCCdmOkCKMcuJrqhlpp5KgJGKkFQ1vC7/1SKSigj/oUUrCBPU5jSlG2khBJ0F6gBHL/XG3XHGr7hTOMvHmpHL9YV+lky+70S1/dnoCZwnhGjOkVOC5qQ5zJDXFjIztTqZIivAQ9UlgKEcJUWE+jTx2To3Sc2IhTXHtTNXfEzlKlBolkeksIqpFrxD/84JMx5dhTnmaacLxbFGcMUcLp7jf6VFJsGYjQxCW1GR18ABJhLX5km2e4C2evEyatap3Xq3du5X6DcxQgmM4gTPw4ALqcAcN8AGDgCd4gVdLW8/WmzWZta5Y85kj+APr/Qfvh5Ss</latexit>

=

✓
1p
N !

X

x2[N !]

ei
2⇡ x y

N! |xic
◆
⇧0| it

<latexit sha1_base64="lLZcCRGB5XQywii+LuhLNuW3khM="></latexit>(because of P y)
<latexit sha1_base64="hDVU1TzVQgI00LwcqBSArdXwjlM=">AAACDnicbVC7TgMxEPTxDAmPACWNRUCCJrqDAsoIGsogkYeURJHP2QML3/lk7yFOp3wBDb9CkwKEKGio6fgQqHEeBQRGsjya2dXujh9LYdB1P5yZ2bn5hcXcUr6wvLK6VlzfqBuVaA41rqTSTZ8ZkCKCGgqU0Iw1sNCX0PCvT4d+4wa0ESq6wDSGTsguIxEIztBK3eLuXhvhFjMfOEsMUBXQPm37SvZMGtovq/a76X63WHLL7gj0L/EmpFTZ+Ry83hS+qt3ie7uneBJChFwyY1qeG2MnYxoFl9DPt+2smPFrdgktSyMWgulko3P6dNcqPRoobV+EdKT+7MhYaIbb2cqQ4ZWZ9obif14rweC4k4koThAiPh4UJJKiosNsaE9o4ChTSxjXwu5K+RXTjKNNMG9D8KZP/kvqB2XvsHxwbtM4IWPkyBbZJnvEI0ekQs5IldQIJ3fkgTySJ+feGTjPzsu4dMaZ9GySX3DevgEZPaCQ</latexit>

     Araújo, Costa, and Brukner, PRL (14); Chiribella, D’Ariano, Perinotti, and 
Valiron, Phys. Rev. A 88, 022318 (13); Colnaghi, D’Ariano, Facchini, and 
Perinotti, Phys. Lett. A 376, 2940 (2012); Facchini and Perdrix (14).



The target-register dimension caveat

) ⇧1 = ei
2⇡
N!⇧0 ) Det[⇧1] = ei

2⇡ dt
N! Det[⇧0] ) dt � N !

<latexit sha1_base64="J3LEPsDs00dh7XZg7eSiGLrcWV8="></latexit>

• The type of promise imposes non-trivial constraint on the target system dimension     : dt
<latexit sha1_base64="rGosUSDgnwV4w59IrRIPgMUm9Qc=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl8UgeAq78aDHEC8eEzAPTJYwOztJhszOLjO9YljyF148KOJV/Au/wJsXv8XJ46CJBQ1FVTfdXX4suEbH+bIyK6tr6xvZzdzW9s7uXn7/oKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH15N/OYdU5pH8gZHMfNC0pe8xylBI90G3Q6ye0xx3M0XnKIzhb1M3DkplI9q3/y98lHt5j87QUSTkEmkgmjddp0YvZQo5FSwca6TaBYTOiR91jZUkpBpL51ePLZPjRLYvUiZkmhP1d8TKQm1HoW+6QwJDvSiNxH/89oJ9i69lMs4QSbpbFEvETZG9uR9O+CKURQjQwhV3Nxq0wFRhKIJKWdCcBdfXiaNUtE9L5ZqJo0KzJCFYziBM3DhAspwDVWoAwUJD/AEz5a2Hq0X63XWmrHmM4fwB9bbD/iblM8=</latexit>

The target register must be at least 
as large as the control register   

P y : 8x ⇧x = !x y ⇧0, with ! := ei
2⇡
N! , for y 2 [N !].

<latexit sha1_base64="B57GtLp3ivR3o0NfkzfnDhdCxVU=">AAAB/3icbVC7SgNBFJ2N7/iKCjY2Y4IgCGFXCy2DNlYSwTwgu4TZyWwyZHZ2mbkrLmsK/8EvsLFQxNbfsMvfOHkUmniqwzn3cs89fiy4BtseWrmFxaXlldW1/PrG5tZ2YWe3rqNEUVajkYhU0yeaCS5ZDTgI1owVI6EvWMPvX438xj1TmkfyDtKYeSHpSh5wSsBI7cK+C+wBMhxECg9w6nLZujn0yu1CyS7bY+B54kxJqVJ0T56HlbTaLny7nYgmIZNABdG65dgxeBlRwKlgg7ybaBYT2idd1jJUkpBpLxvnH+Ajo3TGEYJIAh6rvzcyEmqdhr6ZDAn09Kw3Ev/zWgkEF17GZZwAk3RyKEgEhgiPysAdrhgFkRpCqOImK6Y9oggFU1nelODMvjxP6qdl56x8emvauEQTrKIDVETHyEHnqIKuURXVEEWP6AW9oXfryXq1PqzPyWjOmu7soT+wvn4A5jiYVw==</latexit>

Det[⇧x] = Det[⇧0]

(Determinant of a product equals 
product of determinants)



Idea: modify the type of promise to relax the constraint on     .dt
<latexit sha1_base64="RCoDdd+jjJL+DWQxsZbkC55jj7U=">AAAB8XicdVDLSgNBEJyNrxhfUcGLl8EgeAq7eZncQrx4TMA8MAlhdjJJhszOLjO9YljyF148KOJV/Au/wJsXv8VJoqCiBQ1FVTfdXW4guAbbfrNiS8srq2vx9cTG5tb2TnJ3r6H9UFFWp77wVcslmgkuWR04CNYKFCOeK1jTHZ/N/OYVU5r78gImAet6ZCj5gFMCRrrs9zrAriGCaS+ZstOlTL5QKGJDirm8nZuRUraYc7CTtudIlQ9q7/y58lLtJV87fZ+GHpNABdG67dgBdCOigFPBpolOqFlA6JgMWdtQSTymu9H84ik+NkofD3xlSgKeq98nIuJpPfFc0+kRGOnf3kz8y2uHMCh2Iy6DEJiki0WDUGDw8ex93OeKURATQwhV3NyK6YgoQsGElDAhfH2K/yeNTNrJpjM1k0YFLRBHh+gInSAHnaIyOkdVVEcUSXSD7tC9pa1b68F6XLTGrM+ZffQD1tMHiaOVMw==</latexit>

    J. Cariñe, M. M. Tadei, T. García, N. Guerrero, E. Sepulveda, L. Aolita, and G. Lima, 
in preparation (2019).



A slightly different decision problem

• Promise: Given an N-tuple                                  of black-box unitaries       on       , satisfyingUiU := {Ui}i=1,2,...N

P y : 8 x 2 [Np], ⇧x = s(x|y)⇧0, with s(x|y)± 1,
<latexit sha1_base64="hG6vE+92X8/qPEb1zEGx/dZSt20="></latexit>

for some y 2 [Np].
<latexit sha1_base64="6cjgwrkDwYNy73G6RcczBTsROgA=">AAACDHicbVC7SgNBFJ31bXxFLW0Go2AVdrXQUrSxEgWTCMkSZid3k8HZmWXmrhiWfICNv2IjooiV4AfY+SFaO0ks1Hiqwznncu89USqFRd9/98bGJyanpmdmC3PzC4tLxeWVqtWZ4VDhWmpzHjELUiiooEAJ56kBlkQSatHFYd+vXYKxQqsz7KYQJqytRCw4Qyc1i6UGwhXmNNaGWp0A7dFuQ6j6cXNopL2w7FJ+2R+AjpLgm5T2Nz7uXy7nPk+axbdGS/MsAYVcMmvrgZ9imDODgkvoFRqZhZTxC9aGuqOKJWDDfPBMj246pTW4J9YK6UD9OZGzxNpuErlkwrBj/3p98T+vnmG8F+ZCpRmC4sNFcSYpatpvhraEAY6y6wjjRrhbKe8wwzi6/gquhODvy6Okul0Odsrbp66NAzLEDFkj62SLBGSX7JMjckIqhJNrckseyKN34915T97zMDrmfc+skl/wXr8Ae52frg==</latexit>

Ht
<latexit sha1_base64="Zx8ZMP8+tAF6BgAl81q6CAfqH1w=">AAAB/HicbVDLSsNAFJ3UV62vaMGNm2ARXJWkLnRZ6qbLFuwDmhIm00k7dPJg5kYMIf6KGxeKdOsX+AXu3PgtTtoutPXAwOGce7lnjhtxJsE0v7TCxubW9k5xt7S3f3B4pB+fdGUYC0I7JOSh6LtYUs4C2gEGnPYjQbHvctpzp7e537unQrIwuIMkokMfjwPmMYJBSY5etn0ME9dNm5ljA32AFDJHr5hVcw5jnVhLUqmftr/ZrPHRcvRPexSS2KcBEI6lHFhmBMMUC2CE06xkx5JGmEzxmA4UDbBP5TCdh8+MC6WMDC8U6gVgzNXfGyn2pUx8V03mUeWql4v/eYMYvJthyoIoBhqQxSEv5gaERt6EMWKCEuCJIpgIprIaZIIFJqD6KqkSrNUvr5NurWpdVWtt1UYDLVBEZ+gcXSILXaM6aqIW6iCCEvSEXtCr9qg9a2/abDFa0JY7ZfQH2vsPeJeZAA==</latexit>

N  Np  N !

(Number of permutations)

Np = 4

x

y

s(x|y)

Np = 28

x

y

s(x|y)

• Determinant condition: much 
less stringent constraint on     .      dt

<latexit sha1_base64="rGosUSDgnwV4w59IrRIPgMUm9Qc=">AAAB8XicbVDLSgNBEOyNrxhfUcGLl8UgeAq78aDHEC8eEzAPTJYwOztJhszOLjO9YljyF148KOJV/Au/wJsXv8XJ46CJBQ1FVTfdXX4suEbH+bIyK6tr6xvZzdzW9s7uXn7/oKGjRFFWp5GIVMsnmgkuWR05CtaKFSOhL1jTH15N/OYdU5pH8gZHMfNC0pe8xylBI90G3Q6ye0xx3M0XnKIzhb1M3DkplI9q3/y98lHt5j87QUSTkEmkgmjddp0YvZQo5FSwca6TaBYTOiR91jZUkpBpL51ePLZPjRLYvUiZkmhP1d8TKQm1HoW+6QwJDvSiNxH/89oJ9i69lMs4QSbpbFEvETZG9uR9O+CKURQjQwhV3Nxq0wFRhKIJKWdCcBdfXiaNUtE9L5ZqJo0KzJCFYziBM3DhAspwDVWoAwUJD/AEz5a2Hq0X63XWmrHmM4fwB9bbD/iblM8=</latexit>

Det[⇧x] = Det[⇧0]

Det[⇧x] = s(x|y)dtDet[⇧0] ) dt must just be even!!!

(instead of equal to      )NpQubits IN!!!

• Task: Decide which one of the        
properties      satisfies, i.e. find    . U

Np
<latexit sha1_base64="KXkY5LJW9WMPdzZeLHtRszn4fLE=">AAAB8XicbVC7TgJBFJ3FF4IP1NJmI5pYkV0stCTaWBlM5BGBkNnhLkyYnd3M3CWSDX9hY6Extvb+gH9g54do7fAoFDzJTU7OuTf33uNFgmt0nE8rtbS8srqWXs9kNza3tnM7u1UdxopBhYUiVHWPahBcQgU5CqhHCmjgCah5/YuxXxuA0jyUNziMoBXQruQ+ZxSNdHvVbiLcYRKN2rm8U3AmsBeJOyP50uHX2/sg+11u5z6anZDFAUhkgmrdcJ0IWwlVyJmAUaYZa4go69MuNAyVNADdSiYXj+wjo3RsP1SmJNoT9fdEQgOth4FnOgOKPT3vjcX/vEaM/lkr4TKKESSbLvJjYWNoj9+3O1wBQzE0hDLFza0261FFGZqQMiYEd/7lRVItFtyTQvHapHFOpkiTfXJAjolLTkmJXJIyqRBGJLknj+TJ0taD9Wy9TFtT1mxmj/yB9foDs5GVXQ==</latexit>

y
<latexit sha1_base64="rCBa7mVRMzfjww1baqG+iyGfxJQ=">AAAB6HicbVDJSgNBEK2JW4xb1KMijUHwFGbiQY9BLx4TMAskQ+jp1CRteha6e4Qw5OjJiwdFvPoV+Q5vfoM/YWc5aOKDgsd7VVTV82LBlbbtLyuzsrq2vpHdzG1t7+zu5fcP6ipKJMMai0Qkmx5VKHiINc21wGYskQaewIY3uJn4jQeUikfhnR7G6Aa0F3KfM6qNVB128gW7aE9BlokzJ4Xy8bj6/XgyrnTyn+1uxJIAQ80EVarl2LF2Uyo1ZwJHuXaiMKZsQHvYMjSkASo3nR46ImdG6RI/kqZCTabq74mUBkoNA890BlT31aI3Ef/zWon2r9yUh3GiMWSzRX4iiI7I5GvS5RKZFkNDKJPc3EpYn0rKtMkmZ0JwFl9eJvVS0bkolqomjWuYIQtHcArn4MAllOEWKlADBghP8AKv1r31bL1Z77PWjDWfOYQ/sD5+ANYKkKg=</latexit>



Can one do something similar to the ACB algorithm?

Is there       on       such that Uc
<latexit sha1_base64="4OO2zjfZO2KgepKu5RB47LdX4Wg=">AAAB8XicbVA9SwNBEN2LXzF+RQUbm8MgWIW7WGgZYmOZgJcEkyPsbSbJkr29Y3dODEf+hY2FIrbiv/AX2Nn4W9x8FJr4YODx3gwz84JYcI2O82VlVlbX1jeym7mt7Z3dvfz+QV1HiWLgsUhEqhlQDYJL8JCjgGasgIaBgEYwvJr4jTtQmkfyBkcx+CHtS97jjKKRbr1OG+EeUzbu5AtO0ZnCXibunBTKR7Vv/l75qHbyn+1uxJIQJDJBtW65Tox+ShVyJmCcaycaYsqGtA8tQyUNQfvp9OKxfWqUrt2LlCmJ9lT9PZHSUOtRGJjOkOJAL3oT8T+vlWDv0k+5jBMEyWaLeomwMbIn79tdroChGBlCmeLmVpsNqKIMTUg5E4K7+PIyqZeK7nmxVDNpVMgMWXJMTsgZcckFKZNrUiUeYUSSB/JEni1tPVov1uusNWPNZw7JH1hvP8eDlK8=</latexit>

Hc
<latexit sha1_base64="nN4Cv965YxR6wjj/Vdtt1AL0LRk=">AAAB/HicbVDLSsNAFJ3UV62vaMGNm2ARXJWkLnRZ6qbLFuwDmhIm00k7dPJg5kYMIf6KGxeKdOsX+AXu3PgtTtoutPXAwOGce7lnjhtxJsE0v7TCxubW9k5xt7S3f3B4pB+fdGUYC0I7JOSh6LtYUs4C2gEGnPYjQbHvctpzp7e537unQrIwuIMkokMfjwPmMYJBSY5etn0ME9dNm5ljA32AlGSOXjGr5hzGOrGWpFI/bX+zWeOj5eif9igksU8DIBxLObDMCIYpFsAIp1nJjiWNMJniMR0oGmCfymE6D58ZF0oZGV4o1AvAmKu/N1LsS5n4rprMo8pVLxf/8wYxeDfDlAVRDDQgi0NezA0IjbwJY8QEJcATRTARTGU1yAQLTED1VVIlWKtfXifdWtW6qtbaqo0GWqCIztA5ukQWukZ11EQt1EEEJegJvaBX7VF71t602WK0oC13yugPtPcfXsKY7w==</latexit> ?

<latexit sha1_base64="PxRgjGvXnGazD0qg178He3tktcs=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjCdpYJmAukCxhdnKSjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoUm/jDw8f/nMOccPxZcacf5tjIrq2vrG9lNe2t7Z3cvt39QV1EiGdZYJCLZ9KlCwUOsaa4FNmOJNPAFNvzh9SRv3KNUPApv9ShGL6D9kPc4o9pY1VInl3cKzlRkGdw55Esf9mX8/mVXOrnPdjdiSYChZoIq1XKdWHsplZozgWO7nSiMKRvSPrYMhjRA5aXTQcfkxDhd0oukeaEmU/d3R0oDpUaBbyoDqgdqMZuY/2WtRPcuvJSHcaIxZLOPeokgOiKTrUmXS2RajAxQJrmZlbABlZRpcxvbHMFdXHkZ6sWCe1YoVp18+QpmysIRHMMpuHAOZbiBCtSAAcIDPMGzdWc9Wi/W66w0Y817DuGPrLcf8KqQBA==</latexit>

|0i
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The answer was in front of our nose…

Take �x =
1p
Np

, 8 x 2 [Np], and s(x|y) a Hadamard matrix!!!
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Quantum Hadamard gate of 
dimension Np

(# of permutations must equal a dimension 
for which Hadamard matrices exist)

Hadamard matrices:  
• Square matrices, entries      , orthogonal columns and rows; 
• Any two rows (columns) have same entries in half the 

columns (rows) and opposite ones in the other half; 
• Can only exist for dimensions 1, 2, or multiples of 4; 
• Conjectured to exist for all multiples of 4.

±1



Final form of the problem statement
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dc = Np, dt = 1, 2, 4, 8, . . .

• Promise: Given N-tuples                                of black-box unitaries      on      , satisfying

Hadamard matrix HNp , for some y 2 [Np].
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P y : 8 x 2 [Np], ⇧x = s(x|y)⇧0, with s(·|y) the y-th row of a
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• Algorithm:

Query complexity O(N) 
against O(N2)!!! 

• Task:       Decide which one of the       properties      satisfies, i.e. find which row     is. UNp
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Can the algorithm be experimentally implemented in a practical 
way?

Experimental demonstration of the N-switch for N=4

    J. Cariñe, M. M. Tadei, T. García, N. Guerrero, E. Sepulveda, L. Aolita, and G. 
Lima, in preparation (2019).



Experimental high-dimensional quantum Hadamard gates

• A sequence of      balanced beams 
splitters gives a Hadamard matrix:

2k
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Introduction & State  
 
 

A programmable quantum circuit allows one to prepare different quantum states and measure them with different basis, on 
demand. Now, we show (i) how the multicore fiber technology can be used to build a multi-arm MZ interferometer, and (ii) 
how off-the-shelf telecommunication components can be incorporated into it for implementing an efficient programmable 
quantum circuit for HD quantum information processing.  
 

In our scheme (See Fig. 6), the light source is composed of a semiconductor distributed feedback (DFB) telecom laser (λ = 
1546 nm) connected to an external fiber-pigtailed LiNbO3 MZ amplitude modulator (FMZ) with 10 GHz bandwidth. Driven 
by a FPGA electronic unit (FPGA1), we generate optical pulses 5 ns wide from the externally modulated laser. An 
adjustable optical attenuator (ATT) is used to set the optical power of each pulse down to an average photon number of 
0.1. In this way, 96% of the non-null pulses contain only one single-photon. Thus, as it is commonly done in QKD, we can 
use this source as a good approximation to a deterministic single-photon source [2-6]. 

 

Following the source, we use a commercially spatial demultiplexer unit (DEMUX) sold by Fibercore. It is composed of four 
independent single-mode fibers connected to a common 4-core MCF. Each single-mode fiber is mapped to one of the 
cores of the output MCF fiber. After the DEMUX, only one of the MCF cores is illuminated. This MCF fiber is then 
connected to a 4x4 MBS as the starting point of the programmable 4-arm MZ interferometer. A second DEMUX unit 
(identical to the initial one but connected in reverse) is then used to separate the cores in individual single-mode fiber 
outputs, allowing access to each core. Each path contains two fiber-pigtailed telecom LiNbO3 phase modulators (PM) with 
10 GHz bandwidth. The first set of PMs is controlled by a field programmable gate array electronics (FPGA1) and are used 
for state preparation. The general form of the states that can be prepared is:  
 

 
 

Finally, the state projection is done by an identical MBS, whose input is first converted from the four individual single-
mode arms to a single 4-core fiber by another DEMUX unit. A general model for a 4x4 multiport beam splitter is given by 

Figure 6: Schematics of the experimental setup implementing the programmable quantum 
circuit for HD quantum information processing. 
 

• Or, more compactly:
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Introduction & State  
 
 

A programmable quantum circuit allows one to prepare different quantum states and measure them with different basis, on 
demand. Now, we show (i) how the multicore fiber technology can be used to build a multi-arm MZ interferometer, and (ii) 
how off-the-shelf telecommunication components can be incorporated into it for implementing an efficient programmable 
quantum circuit for HD quantum information processing.  
 

In our scheme (See Fig. 6), the light source is composed of a semiconductor distributed feedback (DFB) telecom laser (λ = 
1546 nm) connected to an external fiber-pigtailed LiNbO3 MZ amplitude modulator (FMZ) with 10 GHz bandwidth. Driven 
by a FPGA electronic unit (FPGA1), we generate optical pulses 5 ns wide from the externally modulated laser. An 
adjustable optical attenuator (ATT) is used to set the optical power of each pulse down to an average photon number of 
0.1. In this way, 96% of the non-null pulses contain only one single-photon. Thus, as it is commonly done in QKD, we can 
use this source as a good approximation to a deterministic single-photon source [2-6]. 

 

Following the source, we use a commercially spatial demultiplexer unit (DEMUX) sold by Fibercore. It is composed of four 
independent single-mode fibers connected to a common 4-core MCF. Each single-mode fiber is mapped to one of the 
cores of the output MCF fiber. After the DEMUX, only one of the MCF cores is illuminated. This MCF fiber is then 
connected to a 4x4 MBS as the starting point of the programmable 4-arm MZ interferometer. A second DEMUX unit 
(identical to the initial one but connected in reverse) is then used to separate the cores in individual single-mode fiber 
outputs, allowing access to each core. Each path contains two fiber-pigtailed telecom LiNbO3 phase modulators (PM) with 
10 GHz bandwidth. The first set of PMs is controlled by a field programmable gate array electronics (FPGA1) and are used 
for state preparation. The general form of the states that can be prepared is:  
 

 
 

Finally, the state projection is done by an identical MBS, whose input is first converted from the four individual single-
mode arms to a single 4-core fiber by another DEMUX unit. A general model for a 4x4 multiport beam splitter is given by 

Figure 6: Schematics of the experimental setup implementing the programmable quantum 
circuit for HD quantum information processing. 
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That is, the four properties correspond to different 
commutation relations among the four unitaries. 
The task is then to find out which property the 
black boxes satisfy (that is, what is the value of y) 
using as few queries to the boxes (ie. applications 
of the unitaries) as possible. To solve the decision 
problem with a single use of each black box, we 
consider the unitary operator on dimension N = 4, 
corresponding to the operation of the 4-port MBS. 
The experiment begins with the generation of the 
ququart like discussed before. Then, the photon 
goes through Alice, Bob, Charlie, and Daniel’s 
labs and the black box unitaries act only on the 
polarization degree of freedom. Photons on path 0 
would undergo the four unitaries in the order 

UDUCUBUA. Photons on the other paths would 
undergo the four unitaries in the other different 
orders: UAUDUCUB, UBUAUDUC, and UCUBUAUD. 
After those unitaries are applied, the beam is 
recombined by the MBS. If the unitaries obey 
property y, then 100% of the beam will come out 
in a single output port (port y, indeed). The idea is 
then to test the quantum switch for the four 
different properties considering the experimental 
setup of Fig. 11. 
 
 

 

Figure 11: 4-gate Quantum Switch implementation. Each 
line represents the implementation of a different 
order. For example, red line represents the order 
UDUCUBUA. 

The experimental 4-router and the unitaries

Target register = 
polarisation qubit

UD UC UB UA
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(obtained by blocking 2 paths of 
the same 4-router!!!)



However, it is possible to decide the problem without the N-
switch….



Query complexity of the problem
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(# of matrices to reconstruct)

(statistical error for 
each matrix)

(constant statistical error 
for the product)

All scale worse than with the switch

}
<latexit sha1_base64="KNMRv8VJu3pSBRJxThoMPgezCBs=">AAAB6XicbVDLSgNBEOz1GeMr6tHLkCAIQtiNBz0GvXiMYh6QXcLsZDYZMjuzzMwKy5I/8CKoiFf/yFv+xsnjoIkFDUVVN91dYcKZNq47cdbWNza3tgs7xd29/YPD0tFxS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3U799hNVmknxaLKEBjEeCBYxgo2VHvxxr1Rxq+4MaJV4C1Kpl/2L10k9a/RK335fkjSmwhCOte56bmKCHCvDCKfjop9qmmAywgPatVTgmOogn106RmdW6aNIKlvCoJn6eyLHsdZZHNrOGJuhXvam4n9eNzXRdZAzkaSGCjJfFKUcGYmmb6M+U5QYnlmCiWL2VkSGWGFibDhFG4K3/PIqadWq3mW1dm/TuIE5CnAKZTgHD66gDnfQgCYQiOAZ3uDdGTkvzofzOW9dcxYzJ/AHztcPuoOQdg==</latexit>

3.Directly estimate each            (e.g. 
with the Hadamard test):

s(x|y)
<latexit sha1_base64="TbDemxwMtsLxR0YB7Of39Ict21s=">AAAB8nicbVDLSsNAFJ34rPVVdelmaBEqQknqQpdFNy4r2AckoUymk3boJBNmbsQQ+he6caGIW7/GXf/G6WOhrQcuHM65l3vvCRLBNdj2xFpb39jc2i7sFHf39g8OS0fHbS1TRVmLSiFVNyCaCR6zFnAQrJsoRqJAsE4wup36nUemNJfxA2QJ8yMyiHnIKQEjubr65BkbcHbeK1Xsmj0DXiXOglQaZe/iedLImr3St9eXNI1YDFQQrV3HTsDPiQJOBRsXvVSzhNARGTDX0JhETPv57OQxPjNKH4dSmYoBz9TfEzmJtM6iwHRGBIZ62ZuK/3luCuG1n/M4SYHFdL4oTAUGiaf/4z5XjILIDCFUcXMrpkOiCAWTUtGE4Cy/vEra9ZpzWavfmzRu0BwFdIrKqIocdIUa6A41UQtRJNELekPvFliv1of1OW9dsxYzJ+gPrK8fzYeT6Q==</latexit>
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<latexit sha1_base64="VD1OfIcsVSkRRbsQOOCCvXh8nJY="></latexit>

(# of permutations/phases to estimate)

(query complexity per permutation/phase)

2.Tomographically reconstruct each       : ⇧x
<latexit sha1_base64="ug8DHlRKg0tpoKg6ssfNs2ozqQE=">AAAB7HicbVC7SgNBFL3rM8ZXVLCxGQyCVdiNhZYhNpYJuEkgWcLsZDYZMjO7zMyKYck32FgoYmvnX/gFdjZ+i5NHoYkHLhzOuZd77wkTzrRx3S9nZXVtfWMzt5Xf3tnd2y8cHDZ0nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG/eUaVZLG/NKKGBwH3JIkawsZLfqbHufbdQdEvuFGiZeHNSrBzXv9l79aPWLXx2ejFJBZWGcKx123MTE2RYGUY4Hec7qaYJJkPcp21LJRZUB9n02DE6s0oPRbGyJQ2aqr8nMiy0HonQdgpsBnrRm4j/ee3URFdBxmSSGirJbFGUcmRiNPkc9ZiixPCRJZgoZm9FZIAVJsbmk7cheIsvL5NGueRdlMp1m0YVZsjBCZzCOXhwCRW4gRr4QIDBAzzBsyOdR+fFeZ21rjjzmSP4A+ftB5FZkjk=</latexit>

Query Complexity:



Experimental query complexity

Primero, queremos proponer el siguiente orden para los autores: 
J. Cariñe, MM Tadei, T. Garcia, N. Guerrero, E. Sepulveda, L. Aolita, G. Lima. 
 
Con respecto a las preguntas: 

1) Por ejemplo, en la figura averageProb.pdf: por que la average suceso probability no 
aumento con el número de experimental runs? Otra cosa, el inset de la figura que es? 
 

La figura aludida es la siguiente: 

 
Figura 1. Probabilidad media para todas las propiedades acumulando N runs. 

 
Como el sistema parte alineado, desde el primer run tenemos buenas probabilidades. Por esto, 
al acumular más run la probabilidad mantiene su valor y no aumenta. 
Específicamente, se obtuvo la probabilidad media de las cuatro propiedades integrando N runs. 
Por ejemplo, la primera probabilidad se estimó con 50 runs que son cercanos a 250000 cuentas 
detectadas. La segunda integra 100 runs que equivale a las detecciones anteriores más 50 runs 
adicionales (500000 detecciones aprox), así hasta 200 runs.  La idea es mostrar que con pocos 
runs se llegan a probabilidades de éxito altas y a medida que integramos el error va 
disminuyendo.  
Las detecciones se enviaron en el archivo “data4B.xls” y   “data2B.xls” y se pusieron en orden 
temporal, de ahí que al integrar diferentes cuentas la probabilidad puede subir o bajar ya que 
solo depende de la información temporal de la detección. 
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Conclusions 

•A decision problem with softer constraints on the target-system dimension. 

•The N-switch solves it with query complexity quadratically better than other known 

algorithms. 

•First implementation for N=4 different gate orders (modulo philosophical 

discussions). 

• N=2 with essentially the same setup (just blocking two paths!). 

•Optical-table: compact, programmable Mach-Zehnder interferometer with multi-

core fibres and multi-port beam splitters. 

•Outlook:  

1.More causal orders in the superposition; 

2.Multipartite communication complexity applications (EE games); 

3.Multipartite entanglement of temporal orders; 

4.Other applications? 



Thank you for your attention!

(Postdoc positions soon)
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The Hadamard test

|0i
<latexit sha1_base64="0eAex2unjLravdwoZiJ8no2quoI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GVoEQShJXeiy6MZlBfuAJpTJ9KYdOpmEmYkQQ//CnRsXirj1U9z1b5w+Ftp64MLhnHu5954g4Uxpx5lahY3Nre2d4m5pb//gsGwfHbdVnEoKLRrzWHYDooAzAS3NNIduIoFEAYdOML6d+Z1HkIrF4kFnCfgRGQoWMkq0kfp22TOuxg72JBFDDn276tScOfA6cZek2qh4F8/TRtbs29/eIKZpBEJTTpTquU6i/ZxIzSiHSclLFSSEjskQeoYKEoHy8/nhE3xmlAEOY2lKaDxXf0/kJFIqiwLTGRE9UqveTPzP66U6vPZzJpJUg6CLRWHKsY7xLAU8YBKo5pkhhEpmbsV0RCSh2mRVMiG4qy+vk3a95l7W6vcmjRu0QBGdogo6Ry66Qg10h5qohShK0Qt6Q+/Wk/VqfVifi9aCtZw5QX9gff0AF3qVsg==</latexit>

| i
<latexit sha1_base64="knCMHRpCjsH5XMmzenPiKGoJp7I=">AAAB+3icbVDLSsNAFJ3UV62vWJduhhZBEEpSF7osunFZwT6gCWUyvWmHTiZhZiKG0L9w7caFIm79EXf9G6ePhbYeuHA4517uvSdIOFPacaZWYWNza3unuFva2z84PLKPy20Vp5JCi8Y8lt2AKOBMQEszzaGbSCBRwKETjG9nfucRpGKxeNBZAn5EhoKFjBJtpL5d9oyrsZcohj1JxJBD3646NWcOvE7cJak2Kt7F87SRNfv2tzeIaRqB0JQTpXquk2g/J1IzymFS8lIFCaFjMoSeoYJEoPx8fvsEnxllgMNYmhIaz9XfEzmJlMqiwHRGRI/UqjcT//N6qQ6v/ZyJJNUg6GJRmHKsYzwLAg+YBKp5ZgihkplbMR0RSag2cZVMCO7qy+ukXa+5l7X6vUnjBi1QRKeogs6Ri65QA92hJmohip7QC3pD79bEerU+rM9Fa8FazpygP7C+fgDVuZdI</latexit>
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dc = 2, dt arbitrary



Printed from the Complete Wolfram Language Documentation 1

©1988–2019 Wolfram Research, Inc. All rights reserved. http://reference.wolfram.com/language

The Hadamard's basis sequences of length 128:

Np = 4

x

y

s(x|y)

Np = 28

x

y

s(x|y)



The experimental 4-router and the unitaries
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